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KILLING VECTOR FIELDS OF STANDARD STATIC
SPACE-TIMES
FERNANDO DOBARRO AND BU¨LENT U¨NAL
Abstract. We consider Killing vector fields on standard static space-
times and obtain equations for a vector field on a standard static space-
time to be Killing. We also provide a characterization of Killing vector
fields on standard static space-times with compact Riemannian parts.
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1. Introduction
Warped product manifolds were introduced in general relativity as a
method to find general solutions to Einstein’s field equations [5, 22]. Two
important examples include generalized Robertson-Walker space-times and
standard static space-times. The former are obviously a generalization of
Robertson-Walker space-times and the latter a generalization of the Einstein
static universe. In this paper, we focus on Killing vector fields for standard
static space-times.
We recall that a warped product can be defined as follows [5, 22]. Let
(B, gB) and (F, gF ) be pseudo-Riemannian manifolds and also let b : B →
(0,∞) be a smooth function. Then the (singly) warped product, B ×b F is
the product manifold B×F furnished with the metric tensor g = gB ⊕ b
2gF
defined by
g = pi∗(gB)⊕ (b ◦ pi)2σ∗(gF )
where pi : B × F → B and σ : B × F → F are the usual projection maps
and ∗ denotes the pull-back operator on tensors. A standard static space-
time can be considered as a Lorentzian warped product where the warping
function is defined on a Riemannian manifold called the base and acting
on the negative definite metric on an open interval of real numbers, called
the fiber. More precisely, a standard static space-time (t1, t2)f × F is a
Lorentzian warped product furnished with the metric g = −f2dt2 ⊕ gF ,
where (F, gF ) is a Riemannian manifold, f : F → (0,∞) is smooth and
−∞ ≤ t1 < t2 ≤ ∞. In [22], it was shown that any static space-time is
locally isometric to a standard static space-time.
Standard static space-times have been previously studied by many authors.
Kobayashi and Obata [20] stated the geodesic equation for this class of
space-times and the causal structure and geodesic completeness was con-
sidered in [2], where sufficient conditions on the warping function for non-
spacelike geodesic completeness of the standard static space-time was ob-
tained (see also [23]). In [1], conditions are found which guarantee that
standard static space-times either satisfy or else fail to satisfy certain cur-
vature conditions from general relativity. In [3], D. Allison considered the
global hyperbolicity of standard static space-times and obtained sufficient
conditions. The problems of geodesic completeness and global hyperbolicity
of standard static space-times have been also studied by M. Sa´nchez in [28]
with I = R where (F, gF ) behaves at most quadratically (at infinity). The
existence of geodesics in standard static space-times have been studied by
several authors. Sa´nchez [27] gives a good overview of geodesic connect-
edness in semi-Riemannian manifolds, including a discussion for standard
static space-times. The geodesic structure of standard static space-times
has been studied in [4] and conditions are found which imply nonreturning
and pseudoconvex geodesic systems. As a consequence, it is shown that if
the complete Riemannian factor manifold F satisfies the nonreturning prop-
erty and has a pseudoconvex geodesic system and if the warping function
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f : F → (0,∞) is bounded from above then the standard static space-time
(a, b)f × F is geodesically connected. In [13], some conditions for the Rie-
mannian factor and the warping function of a standard static space-time are
obtained in order to guarantee that no nontrivial warping function on the
Riemannian factor can make the standard static space-time Einstein. In a
recent note [29], the authors discussed conditions for static Killing vector
fields to be standard and then they obtained an interesting uniqueness result
when the so called natural space (in the case of a standard static space-time,
this is the Riemannian part) is compact.
Two of the most famous examples of standard static space-times are the
Minkowski space-time and the Einstein static universe [5, 12, 19] which is
R× S3 equipped with the metric
g = −dt2 + (dr2 + sin2 rdθ2 + sin2 r sin2 θdφ2)
where S3 is the usual 3-dimensional Euclidean sphere and the warping func-
tion f ≡ 1 (see Remark 2.19). Another well-known example is the universal
covering space of anti-de Sitter space-time, a standard static space-time of
the form Rf ×H
3 where H3 is the 3-dimensional hyperbolic space with con-
stant negative sectional curvature and the warping function f : H3 → (0,∞)
defined as f(r, θ, φ) = cosh r [5, 19]. Finally, we can also mention the Exte-
rior Schwarzschild space-time [5, 19], a standard static space-time of the form
Rf×(2m,∞)×S
2, where S2 is the 2-dimensional Euclidean sphere, the warp-
ing function f : (2m,∞) × S2 → (0,∞) is given by f(r, θ, φ) =
√
1− 2m/r,
r > 2m and the line element on (2m,∞) × S2 is
ds2 =
(
1−
2m
r
)−1
dr2 + r2(dθ2 + sin2 θdφ2).
In this article, we deal with questions of existence and characterization of
Killing vector fields in standard static space times1.
The problem of the existence of Killing vector fields in semi-Riemannian
manifolds has been analyzed by many authors (physicists and mathemati-
cians) with different points of view and by using several techniques. One
of the recent articles of Sa´nchez (i.e, [25]) is devoted to provide a review
about these questions in the framework of Lorentzian geometry. Another
interesting results for Riemannian warped products can be found in [8] and
for 4−dimensional warped space-times in [10].
In [26] Sa´nchez studied the structure of Killing vector fields on a gener-
alized Robertson-Walker space-time. He obtained necessary and sufficient
conditions for a vector field to be Killing on generalized Robertson-Walker
space-times and gave a characterization of them as well as an explicit list
for the globally hyperbolic case.
1We would like to inform the reader that some of the results provided in this article
were previously announced in the arXiv preprint service as [15].
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After this brief explanations of some of the major works in the geometry of
warped products, especially in the geometry of standard static space-times,
we will provide an outline of the paper below.
In Section 2, we study Killing vector fields of standard static space-times.
Firstly we show necessary and sufficient conditions for a vector field of the
form h∂t + V to be a conformal Killing (see Proposition 2.4).
Then adapting the techniques of Sa´nchez in [26] to standard static space-
times M = If × F , we give the structure of a generic Killing vector field on
M in the central result of this section (see Theorem 2.8). Essentially, we
reduce the problem to the study of a parametric system of partial differential
equations (involving the Hessian) on the Riemannian part (F, gF ).
By studying on the latter system (see (2.25) and (2.30)) and applying the
well known results about the solutions (ν, u) of a weighted elliptic problem,
with w ∈ C∞>0,
−∆gFu = νwu on (F, gF ).
on a compact Riemannian manifold without boundary (F, gF ), we charac-
terize the Killing vector fields on a standard static space-time with compact
Riemannian part in Theorem 2.18. More explicitly, if (F, gF ) is a compact
Riemannian manifold, then the set of Killing vector fields on a standard
static space time If × F is
{a∂t + K˜| a ∈ R, K˜ is a Killing vector field on (F, gF ) and K˜(f) = 0}.
In Remark, 2.19 we show that a relation between the result mentioned
above and an article (see [30]) of R. A. Sharipov about Killing vector fields
of a closed homogeneous and isotropic universe.
In Section 3, as an application of our results in Section 2 we consider
the question of the existence of non-rotating Killing vector fields on a stan-
dard static space-time where the Riemannian part is compact and simply
connected.
In Appendix, we provide an equivalent expression of a general Killing
vector field on a standard static space-time and an application of our results
to the well known case of the Minkowski space-time.
2. Killing Vector Fields
We begin by stating the formal definition of a standard static space-
time and then recall some elementary definitions and facts (see Section 3
of [26]). But first, we want to emphasize some important notational issues.
Throughout the paper I will denote an open connected interval of the form
I = (t1, t2) in R, where −∞ ≤ t1 < t2 ≤ ∞. Moreover, any underlying
manifold is assumed to be connected. Finally, on an arbitrary differentiable
manifold N , C∞>0(N) denotes the set of all strictly positive C
∞ functions
defined on N and X(N) will denote the C∞(N)−module of smooth vector
fields on N .
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Definition 2.1. Let (F, gF ) be an s-dimensional Riemannian manifold and
f : F → (0,∞) be a smooth function. Then n(= s+1)-dimensional product
manifold I × F furnished with the metric tensor g = −f2dt2 ⊕ gF is called
a standard static space-time and is denoted by If × F , where dt
2 is the
Euclidean metric tensor on I.
We will now define Killing and conformal-Killing vector fields on an arbi-
trary pseudo-Riemannian manifold. Let (M,g) be an n-dimensional pseudo-
Riemannian manifold and X ∈ X(M) be a vector field on M. Then
• X is said to be Killing if LXg = 0,
• X is said to be conformal-Killing if there exists a smooth function
σ : M → R such that LXg = 2σg,
where LX denotes the Lie derivative with respect to X. Moreover, for any
Y and Z in X(M ), we have the following identity (see [22, p.162 and p.61])
(2.1) LXg(Y,Z) = g(∇YX,Z) + g(Y,∇ZX).
Remark 2.2. On (I, gI = ±dt
2) any vector field is conformal Killing. Indeed,
if X is a vector field on (I, gI), then X can be expressed as X = h∂t for
some smooth function h ∈ C∞(I). Hence, LXgI = 2σgI with σ = h′.
We will now state a simple result which will be useful in our study (see
[26], [32] and page 126 of [31]).
Proposition 2.3. Let M = If ×F be a standard static space-time with the
metric g = f2gI ⊕ gF , where gI = −dt
2. Suppose that X,Y,Z ∈ X(I) and
V,W,U ∈ X(F ). Then
LX+V g(Y +W,Z + U) = f
2LIXgI(Y,Z) + 2fV (f)gI(Y,Z)
+ LFV gF (W,U)
Note that if h : I → R is smooth and Y,Z ∈ X(I), then
(2.2) Lh∂tgI(Y,Z) = Y (h)gI (Z, ∂t) + Z(h)gI(Y, ∂t).
By combining the previous statements we can prove the following:
Proposition 2.4. Let M = If × F be a standard static space-time with
the metric g = −f2dt2 ⊕ gF . Suppose that h : I → R is smooth and V is
a vector field on F. Then h∂t + V is a conformal-Killing vector field on M
with σ ∈ C∞(M) if and only if the followings are satisfied:
(1) V is conformal-Killing on F with σ ∈ C∞(F ),
(2) h is affine, i.e, there exist real numbers µ and ν such that h(t) =
µt+ ν for any t ∈ I,
(3) V (f) = (σ − µ)f.
Proof. (1) follows from Proposition 2.3 by taking Y = Z = 0 and a separa-
tion of variables argument. On the other hand, from Proposition 2.3 with
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W = U = 0, (2.2) and Remark 2.2, we have (σ−h′)f = V (f). Hence, again
by separation of variables, h′ is constant and then (2) is obtained. Thus, (3)
is clear.
By using similar computations described as above, the converse turns out
to be a consequence of the decomposition of any vector field on M, i.e., as
a sum of its horizontal and vertical parts. 
Corollary 2.5. Let M = If × F be a standard static space-time with the
metric g = −f2dt2⊕gF . Suppose that h : I → R is smooth and V is a vector
field on F . Then h∂t + V is a Killing vector field on M if and only if the
followings are satisfied:
(1) V is Killing on F ,
(2) h is affine, i.e, there exist real numbers µ and ν such that h(t) =
µt+ ν for any t ∈ I,
(3) V (f) = −µf .
Proof. It is sufficient to apply Proposition 2.4 with σ ≡ 0. 
Notation 2.6. Let h be a given a continuous function defined on a real
interval I. If there exists a point t0 ∈ I such that h(t0) 6= 0, then It0 denotes
the connected component of {t ∈ I : h(t) 6= 0} such that t0 ∈ It0 .
In what follows, we will make use part of the arguments given in [26]
(see also [10]) about the structure of Killing and conformal-Killing vector
fields in warped products. In [26] by applying such arguments, M. Sa´nchez
obtains full characterizations of the Killing and conformal-Killing vector
fields in generalized Robertson-Walker space-times. In order to be more
explanatory, we begin by adapting his procedure to our set of frame.
Let (B, gB) and (F, gF ) be two semi-Riemannian manifolds with dimen-
sions r and s > 0 respectively, and also let f ∈ C∞>0(F ) be. Consider the
warped metric g = f2gB + gF on B × F . Given a vector field Z on B × F ,
we will write Z = ZB + ZF with ZB = (piB∗(Z), 0) and ZF = (0, piF ∗(Z)),
the projections onto the natural foliations (Bq = B × {q}, q ∈ F and
Fp = {p} × F, p ∈ B). Any covariant or contravariant tensor field ω on
one of the factors (B or F ) induces naturally a tensor field on B × F (i.e.
the lift), which either will be denoted by the same symbol ω, or else (when
necessary) will be distinguished by putting a bar on it, i.e, ω.
Proposition 2.7. (see Proposition 3.6 in [26]) If K is a Killing vector field
on M = Bf × F , then KB is a conformal Killing vector field on Bq for any
q ∈ F and KF is a Killing vector field on Fp for any p ∈ B.
Suppose that {Ca ∈ X(B)| a = 1, · · · , r} is a basis for the set of all
conformal-Killing vector fields on B and {Kb ∈ X(F )| b = 1, · · · , s} is a
basis for the set of all Killing vector fields on F.
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According to [26] (see also [8, Sections 7 and 8]), Killing vector fields on
a warped product of the form M = Bf × F with the metric g = f
2gB ⊕ gF
can be given as
(2.3) K = ψaCa + φ
bKb,
where φb ∈ C∞(B) and ψa ∈ C∞(F ).
Define KB = ψ
aCa and KF = φ
bKb. Moreover, Kˆb = gF (Kb, ·) and
Cˆa = gB(Ca, ·).
Then Proposition 3.8 of [26] implies that a vector field K of the form (2.3)
is Killing on Bf × F if and only if the following equations are satisfied:
(2.4)
{
ψaσa +KF (θ) = 0
dφb ⊗ Kˆb + Cˆa ⊗ f
2dψa = 0,
where Ca is a conformal-Killing vector field on B with σa ∈ C
∞(B), i.e.
LBCagB = 2σagB and θ = ln f .
Let (F, gF ) be a Riemannian manifold of dimension s admitting at least
one nonzero Killing vector field on (F, gF ) and f ∈ C
∞
>0(F ). Thus, there
exists a basis {Kb ∈ X(F )| b = 1, · · · , s} for the set of Killing vector fields
on F .
Let I be an open interval of the form I = (t1, t2) in R, where −∞ ≤ t1 <
t2 ≤ ∞ furnished with the metric −dt
2. Recalling Remark 2.2, we observe
that the dimension of the set of conformal Killing vector fields on (I,−dt2)
is infinite so that one cannot apply directly the above procedure due to M.
Sa´nchez before observing that the form of conformal Killing vector fields
on (I,−dt2) is explicit. Indeed, it is easy to prove that all the computa-
tions are valid by considering the form of any conformal Killing vector field
on (I,−dt2), namely h∂t where h ∈ C
∞(I), instead of the finite basis of
conformal Killing vector fields in the procedure of M. Sa´nchez .
If we apply the latter adapted technique to the standard static space-time
M = If × F with the metric g = f
2gI ⊕ gF where gI = −dt
2, then a vector
field K ∈ X(M) is a Killing vector field if and only if K can be written in
the form
(2.5) K = ψh∂t + φ
bKb,
where h and φb ∈ C∞(I) for any b ∈ {1, · · · ,m} and ψ ∈ C∞(F ) satisfies
the following version of System (2.4)
(2.6)
{
h′ψ + φbKb(ln f) = 0
dφb ⊗ gF (Kb, ·) + gI(h∂t, ·)⊗ f
2dψ = 0.
Thus, in order to study Killing vector fields on standard static space-times
we will concentrate our attention on the existence of solutions for System
(2.6).
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Since dφb = (φb)′dt with φb ∈ C∞(I) and gI(h∂t, ·) = −hdt, (2.6) is equiv-
alent to
(2.7)
{
h′ψ + φbKb(ln f) = 0
(φb)′dt⊗ gF (Kb, ·) = hdt⊗ f
2dψ,
and by raising indices in the second equation, it is also equivalent to
(2.8)
{
(a) h′ψ + φbKb(ln f) = 0
(b) (φb)′∂t ⊗Kb = h∂t ⊗ f
2 gradF ψ.
First of all, we will apply a separation of variables procedure to the second
equation in (2.8). Recall that {Kb}1≤b≤m is a basis of the Killing vector fields
in (F, gF ). Thus by simple computations, it is possible to show that (2.8−b)
implies the following equation for (φb)′
(2.9)
(φb)′(t) = [h(t)− h(t0)]γb + (φb)′(t0),
= γbh(t) + δb,
where γb and δb (= −h(t0)γ
b + (φb)′(t0), for some fixed t0 in I) are real
constants for any choice of b where 1 ≤ b ≤ m.
The solutions of the first order ordinary differential equation in (2.9) are
given by
(2.10) φb(t) = γb
∫ t
t0
h(s)ds + δbt+ ηb,
where ηb are constant for all b.
By introducing (2.9) in (2.8 − b), the last equation takes the following
equivalent form:
(2.11) h∂t ⊗ [γ
bKb − f
2 gradF ψ] = ∂t ⊗ [−δ
bKb].
Thus, by recalling again that {Kb}1≤b≤m is a basis of the Killing vector fields
in (F, gF ), there results three different cases, namely.
h ≡ 0: By (2.10), (2.8) takes the form
(2.12)
{
(a) (δbt+ ηb)Kb(ln f) = 0
(b) δbKb = 0.
Since {Kb}1≤b≤m is a basis, (2.12−b) implies that for any b, we have
δb = 0.
Thus K = ηbKb, so that K is a linear combination of the elements
in the basis {Kb}1≤b≤m and consequently, it is a Killing vector field
on (F, gF ).
h ≡ h0 6= 0 constant: By (2.10), (2.8) takes the form
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(2.13)
 (a) φ
bKb(ln f) = 0
(b)
1
h0
(
γbh0 + δ
b
)
Kb = f
2 gradF ψ,
where
(2.14) φb(t) = (γbh0 + δ
b)︸ ︷︷ ︸
h0τb
t+ (ηb − γbh0t0)︸ ︷︷ ︸
ωb
.
Note that in particular, Equation (2.13− b) implies that f2 gradF ψ
is Killing on (F, gF ) and gives the coefficients of f
2 gradF ψ with
respect to the basis {Kb}1≤b≤m. On the other hand, differentiating
(2.13−a) with respect to t and then considering (2.13−b), we obtain
0 = (γbh0 + δ
b)Kb(ln f)
= h0(f
2 gradF ψ)(ln f)
= h0fgF (gradF ψ, gradF f).
Furthermore, (2.14) and (2.13 − a) imply that
ωbKb(ln f) = 0.
Hence, we proved that (2.8) suffices to the following:
(2.15)

f ∈ C∞>0(F ), ψ ∈ C
∞(F );
f2 gradF ψ is a Killing vector field on (F, gF ) with
coefficients {τb}1≤b≤m relative to the basis {Kb}1≤b≤m;
(f2 gradF ψ)(ln f) = 0;
∀b : φb(t) = h0τ
bt+ ωb with ωb ∈ R : ωbKb(ln f) = 0.
It is easy to prove that (2.8) is also necessary for (2.15).
Hence we proved that K = ψh0∂t + φ
bKb is Killing if and only if
(2.15) is satisfied.
h nonconstant: The procedure for this case is a generalization of the
previous, namely.
Since h is nonconstant, we can take t0 such that h(t0) 6= 0 and we
will work on the subinterval It0 (see Notation 2.6).
First of all, note that by applying the separation of variables method
in (2.11), the non-constancy of h implies that
(2.16)
{
γbKb − f
2 gradF ψ = 0
∀b : δb = 0.
Thus, by (2.10),
(2.17) φb(t) = γb
∫ t
t0
h(s)ds + ηb.
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On the other hand, by differentiating (2.8− a) with respect to t and
then by considering (2.16), we obtain
h′′ψ + h(f2 gradF ψ)(ln f) = 0.
Besides, by considering (2.16), (2.17) and again (2.8−a) there results[
h′ −
h′′
h
∫ t
t0
h(s)ds
]
ψ + ηbKb(ln f) = 0.
Thus, we proved that (2.8) is sufficient to
(2.18)

f ∈ C∞>0(F ), ψ ∈ C
∞(F );
f2 gradF ψ is a Killing vector field on (F, gF ) with
coefficients {τb}1≤b≤m relative to the basis {Kb}1≤b≤m;
h′′ψ + h(f2 gradF ψ)(ln f) = 0;
∀b : φb(t) = τ b
∫ t
t0
h(s)ds + ωb with ωb ∈ R :[
h′ −
h′′
h
∫ t
t0
h(s)ds
]
ψ + ωbKb(ln f) = 0 on It0 .
It is easy to prove that (2.8) is also a necessary condition for (2.18),
on an interval where h does not take the zero value.
It is not difficult to show that if −
h′′
h
is nonconstant, then ψ ≡ 0.
Thus,
(2.19) K = φbKb with φ
b(t) = ωb and ωb ∈ R : ωbKb(ln f) = 0.
On the other hand, if −
h′′
h
= ν is constant, the second statement of
(2.18), namely
(2.20) h′′ψ + h(f2 gradF ψ)(ln f) = 0,
results equivalent to
(2.21)
{
−h′′ = νh
(f2 gradF ψ)(ln f) = νψ.
Thus,
(2.22) h(t) =
{
ae
√−ν t + be−
√−ν t if ν 6= 0
at+ b if ν = 0,
where a and b are real constants.
Hence, by (2.18), (2.19) and (2.22), the problem (2.7) is equivalent
to: (see Notation 2.6 for the definition of the interval It0 relative to
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the function h)
(2.23)

(a)
{
f ∈ C∞>0(F ), ψ ≡ 0;
φb(t) = ωb on It0 where ω
b ∈ R : ωbKb(ln f) = 0
or
(b)

f ∈ C∞>0(F ), ψ ∈ C
∞(F );
f2 gradF ψ is a Killing vector field on (F, gF )
with coefficients {τb}1≤b≤m relative to the
basis {Kb}1≤b≤m;
(f2 gradF ψ)(ln f) = νψ where ν is constant;
h is given in (2.22);
∀b : φb(t) = τ b
∫ t
t0
h(s)ds + ωb with ωb ∈ R :
h′(t0)ψ + ωbKb(ln f) = 0 on It0 .
It is easy to prove that if a set of functions h, ψ and {φb}1≤b≤m, satisfy
(2.23) with a real interval I instead of It0 , then (2.7) is verified, that is,
the vector field given by (2.5) on a standard static space-time of the form
M = If × F is Killing.
Hence, in the precedent discussion we proved the following result.
Theorem 2.8. Let (F, gF ) be a Riemannian manifold, f ∈ C
∞
>0(F ) and
{Kb}1≤b≤m a basis of Killing vector fields on (F, gF ). Let also I be an open
interval of the form I = (t1, t2) in R, where −∞ ≤ t1 < t2 ≤ ∞. Consider
the standard static space-time If × F with the metric g = −f
2dt2 ⊕ gF .
Then, any Killing vector field on If × F admits the structure
(2.24) K = ψh∂t + φ
bKb
where h and φb ∈ C∞(I) for any b ∈ {1, · · · ,m} and ψ ∈ C∞(F ).
Furthermore, assume that K is a vector field on If ×F with the structure
as in (2.24). Then,
(i) if h ≡ 0, then the vector field K = φbKb is Killing on the standard
static space-time If × F if and only if the functions φ
b are constant
and φbKb(ln f) = 0.
(ii) if h ≡ h0 6= 0 is constant, then the vector field K = ψh0∂t + φ
bKb is
Killing on the standard static space-time If ×F if and only if (2.15)
is satisfied.
(iii) if K is a Killing vector field on the standard static space-time If ×F
with the nonconstant function h, then the set of functions h, ψ and
{φb}1≤b≤m satisfy (2.23) for any t0 ∈ I with h(t0) 6= 0.
Conversely, if a set of functions h, ψ and {φb}1≤b≤m, satisfy
(2.23) with an arbitrary t0 in I and the entire interval I (instead
of It0), then the vector field K˜ on the standard static space-time
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If × F associated to the set of functions as in (2.24) is Killing on
If × F .
By completeness we consider in the following lemma the case where the
Riemannian manifold (F, gF ) admits no non identically zero Killing vector
fields.
Lemma 2.9. Let (F, gF ) be a Riemannian manifold of dimension s and
f ∈ C∞>0(F ). Let also I be an open interval of the form I = (t1, t2) in
R, where −∞ ≤ t1 < t2 ≤ ∞. Suppose that the only Killing vector field
on (F, gF ) is the zero vector field. Then all the Killing vector fields on the
standard static space-time If × F are given by h0∂t where h0 is a constant.
Proof. Indeed, by Proposition 2.7 if K is a Killing vector field on If × F ,
then K = ψh∂t where ψ ∈ C
∞(F ) and h ∈ C∞(I). Then, by similar
arguments to those applied to the system (2.8), a vector field of the latter
form is Killing if and only if the following equations are verified{
(a) h′ψ = 0
(b) h∂t ⊗ f
2 gradF ψ = 0.
As an immediate consequence, either h and ψ are constants or ψ ≡ 0. 
Remark 2.10. If the Riemannian manifold (F, gF ) admits a nonidentical
zero Killing vector field, then the family of Killing vector fields obtained in
Corollary 2.5 corresponds to the case of ψ ≡ 1 in Theorem 2.8 (iii). Thus,
(2.23) implies that ν = 0 and τ b = 0 for any b and also h(t) = at + b is
affine and φb = ωb is constant such that φbKb(ln f) = φ
bKb(ln f) = −a. The
latter conditions agree with those in Corollary 2.5.
In other words, if ν is nonzero, then the family of Killing vector fields in
Theorem 2.8 (iii) are different form those in Corollary 2.5, they correspond
to the so called non-trivial Killing vector fields in [26].
Remark 2.11. Let f ∈ C∞>0(F ) be smooth. For any ν ∈ R, we consider the
problem given by
(2.25)
 f
2 gradF ψ is a Killing vector field on (F, gF );
(f2 gradF ψ)(ln f) = νψ;
ψ ∈ C∞(F );
and define Kνf = {ψ ∈ C
∞(F ) : ψ verifies (2.25)}. It is easy to show that
Kνf is an R−subspace of C
∞(F ). In particular, if ψ ∈ Kνf then
(2.26) (f2 gradF λψ)(ln f) = λν ψ, ∀λ ∈ R
Consequently, if {τb}1≤b≤m is the set of coefficients of the Killing vector field
f2 gradF ψ with respect to the basis {Kb}1≤b≤m and λ ∈ R, then
(2.27) − λν ψ + ωbKb(ln f) = 0,
where ωb = λτ b, for any b.
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Notice that, this is particularly useful in order to simplify the hypothesis
of (2.23) when ν 6= 0.
In order to analyze the existence of nontrivial solutions for the problem
(2.25) (notice that this is relevant in (2.23) and (2.15)), we introduce the
following notation.
Notation 2.12. Let (F, gF ) be a Riemannian manifold. Suppose that Z ∈
X(F ) is a vector field on (F, gF ) and ϕ ∈ C
∞(F ) is a smooth function on F.
Then define a (0,2)-tensor on F as follows:
(2.28) BϕZ(·, ·) := dϕ(·)⊗ gF (Z, ·) + gF (·, Z)⊗ dϕ(·).
Proposition 2.13. Let (F, gF ) be a Riemannian manifold, f ∈ C
∞
>0(F ) and
ψ ∈ C∞(F ). Then the vector field f2 gradF ψ is Killing on (F, gF ) if and
only if
(2.29) HψF +
1
f
BfgradF ψ
= 0,
Proof. We begin by recalling two results. For all smooth functions ϕ ∈
C∞(F ) and vector fields X,Y ∈ X(F ), we have
HϕF (X,Y ) = gF (∇
F
X gradF ϕ, Y ) =
1
2
LFgradF ϕgF (X,Y ).
Moreover, for any vector field Z ∈ X(F ), the following general formula
can be stated.
LϕZgF (·, ·) = ϕLZgF (·, ·) + dϕ(·)⊗ gF (Z, ·) + gF (·, Z)⊗ dϕ(·).
By applying the latter formulas to the vector field f2∇Fψ, we obtain the
following:
LFf2 gradF ψgF = f
2LgradF ψgF +B
f2
gradF ψ
= 2f2
[
HψF +
1
f
BfgradF ψ
]
.
Then one can conclude that f2 gradF ψ is a Killing vector field on (F, gF ) if
and only if (2.29) is satisfied. 
In order to study Killing vector fields on standard static space-times,
notice the central role of the problem given below, i.e, (2.30) which ap-
pears throughout Theorem 2.8, Proposition 2.13 and the identity stated as
fgF (gradF ψ, gradF f) = (f gradF ψ)(f),
(2.30)

f ∈ C∞>0(F ), ψ ∈ C
∞(F );
HψF +
1
f
BfgradF ψ
= 0;
fgF (gradF ψ, gradF f) = νψ where ν is a constant.
Remark 2.14. By Proposition 2.13, if the dimension of the Lie algebra of
Killing vector fields of (F, gF ) is zero, then the system (2.30) has only the
trivial solution given by a constant ψ (this constant is not 0 only if ν = 0).
This happens, for instance when (F, gF ) is a compact Riemannian manifold
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of negative-definite Ricci curvature without boundary, indeed it is sufficient
to apply the vanishing theorem due to Bochner (see for instance [9], [6,
Theorem 1.84] or [24, Proposition 6.6 of Chapter III]).
Lemma 2.15. Let (F, gF ) be a Riemannian manifold and f ∈ C
∞
>0(F ).
If (ν, ψ) satisfies (2.30), then ν is an eigenvalue and ψ is an associated
ν−eigenfunction of the elliptic problem:
(2.31) −∆gFψ = ν
2
f2
ψ on (F, gF ).
Proof. First of all, note that
(2.32) BfgradF ψ
= df ⊗ dψ + dψ ⊗ df,
then by taking the gF−trace of the both sides, we have:
(2.33) traceBfgradF ψ
= 2gF (gradF ψ, gradF f).
Thus, by taking the gF−trace of the first equation in (2.30) and then by
applying the second equation of (2.30), we obtain (2.31). Hence, ν belongs
to the spectrum of the weighted eigenvalue problem (2.31). 
Remark 2.16. Let (F, gF ) be a Riemannian manifold.
i: Notice that similar arguments to those applied in Lemma 2.15 allow
us to prove that the system (2.30) is equivalent to
(2.34)

f ∈ C∞>0(F ), ψ ∈ C
∞(F );
HψF +
1
f
BfgradF ψ
= 0;
−∆gFψ = ν
2
f2
ψ where ν is a constant.
ii: Assuming (2.34) (or equivalently (2.30)), if p ∈ F is a critical point
of f or ψ, then ν = 0 or ψ(p) = 0.
Proposition 2.17. Let (F, gF ) be a compact Riemannian manifold and f ∈
C∞>0(F ). Then (ν, ψ) satisfies (2.30) if and only if ν = 0 and ψ is constant.
Proof. The necessity part is clear, so we will concentrate our attention on
the sufficiency part.
First of all, notice that by the second equation of (2.30), if p ∈ F is a
critical point of ψ, then νψ(p) = 0. Then, since (F, gF ) is compact, there
exists a point p0 ∈ F such that ψ(p0) = infF ψ and consequently, νψ(p0) = 0.
On the other hand, by applying Lemma 2.15, one can conclude that ν is
an eigenvalue and ψ is an associated ν−eigenfunction of the elliptic problem
(2.31). Besides, since (F, gF ) is compact, it is well known that the eigenval-
ues of (2.31) form a sequence in R≥0 and the only eigenfunctions without
changing sign are the constants corresponding to the eigenvalue 0.
Thus, if ψ(p0) ≥ 0, then ν = 0 and ψ results a nonnegative constant.
Alternatively, if ψ(p0) < 0, then νψ(p0) = 0, so ν = 0. As a consequence of
that, ψ is a negative constant. 
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Theorem 2.8 and Proposition 2.17 provide the characterization of the
Killing vector fields on a standard static space-time when its Riemannian
part is compact (compare the result with Corollary 2.5).
Theorem 2.18. Let (F, gF ) be a Riemannian manifold, f ∈ C
∞
>0(F ) and
I be an open interval of the form I = (t1, t2) in R, where −∞ ≤ t1 <
t2 ≤ ∞. Consider the standard static space-time If × F with the metric
g = −f2dt2 ⊕ gF . If (F, gF ) is compact then, the set of all Killing vector
fields on the standard static space-time (M,g) is given by
{a∂t + K˜| a ∈ R, K˜ is a Killing vector field on (F, gF ) and K˜(f) = 0}.
Proof. If (F, gF ) has only the zero Killing vector field, the result is an easy
consequence of Lemma 2.9.
Let us consider now the case there exists a basis {Kb}1≤b≤m for the space
of Killing vector fields on (F, gF ). Theorem 2.8 and Proposition 2.17 imply
that a vector field K on the standard static space-time (M,g) is Killing if
and only if it admits the structure
(2.35) K = ψh∂t + φ
bKb,
where
(1) h(t) = at+ b with constants a and b;
(2) ψ is constant;
(3) φb are constants satisfying aψ + φbKb(ln f) = 0.
Since (F, gF ) is compact, then infF ln f is reached on a point p0 ∈ F . Set
K˜ = φbKb. So K˜(ln f)|p0 = 0 and by (3) a = 0 or ψ = 0. Hence we proved
that all the Killing vector fields on If ×F are given by a Killing vector field
on (F, gF ) plus eventually a real multiple of ∂t. Note that K˜(ln f) =
1
f
K˜(f),
so by (3) K˜(f) = 0. 
Remark 2.19. (Killing vector fields in the Einstein static universe) In [30],
the author studied Killing vector fields of a closed homogeneous and isotropic
universe (for related questions in quantum field theory and cosmology see
[11, 12, 16, 21]). Theorem 6.1 of [30] corresponds to our Theorem 2.18 for
the spherical universe R×S3 with the pseudo-metric −(R2dt2−R2h0), where
the sphere S3 endowed with the usual metric h0 induced by the canonical
Euclidean metric of R4 and R is a real constant (i.e., a stable universe).
As we have already mentioned in Remark 2.14, any Killing vector field of
a compact Riemannian manifold of negative-definite Ricci tensor is equal to
zero. Thus, one can easily state the following result.
Corollary 2.20. Let M = If × F be a standard static space-time with the
metric g = −f2dt2 ⊕ gF . Suppose that (F, gF ) is a compact Riemannian
manifold of negative-definite Ricci tensor. Then, any Killing vector field on
the standard static space-time (M,g) is given by a∂t where a ∈ R.
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3. Non-rotating Killing vector fields
In this section we apply Theorem 2.18 of Section 2 to the analysis of
non-rotating Killing vector fields on standard static space-times also called
static regular predictable space-times in [19, p.325] (also see a recent article,
i.e, [29] for a related question).
We first recall the definition of the curl operator on semi-Riemannian
manifolds as: if V is a vector field on a semi-Riemannian manifold (M,g),
then curlV is the 2-covariant tensor field defined by
(3.1) curlV (X,Y ) := g(∇XV, Y )− g(∇Y V,X),
where X,Y ∈ X(M) (see for instance [22, 17]). Thus, it is easy to prove
curl(φV )(X,Y ) = X(φ)g(V, Y )− Y (φ)g(V,X)(3.2)
+ φ curlV (X,Y ),
where X,Y are as above and φ ∈ C∞(M).
We will follow the next definitions (see [17, 18]): A vector field V on the
semi-Riemannian manifold (M,g) is said to be
non-rotating: 2 if curlV (X,Y ) = 0 for all X,Y ∈ X(M).
orthogonally irrotational: 3 if curlV (X,Y ) = 0 for any X,Y ∈
X(M) orthogonal to V . This condition is equivalent to “V has inte-
grable orthogonal distribution”.
Notice that being orthogonally irrotational is necessary for being non-
rotating. Furthermore (3.2) implies that if V is orthogonally irrotational,
then so is φV for any φ ∈ C∞>0(M). Indeed, since φ does not vanish, X is
orthogonal to φV if and only if it is orthogonal to V .
However, if V is non-rotating then, φV is not necessarily non-rotating for
some φ ∈ C∞>0(M) (see (3.2)).
Proposition 3.1. Let κ be a Killing vector field on the standard static space-
time (R × F, g := −f2dt2 + gF ) such that (curlκ)(X,Y ) = 0 for all X,Y
orthogonal vector fields to ∂t defined on (R×F, g). If (F, gF ) is compact and
simply connected, then κ = a∂t where a is a real constant. In particular, κ
becomes time-like if a 6= 0.
Proof. First of all we observe that it is easy to prove the following identity.
(3.3) − f2 grad t = ∂t.
2In [17, 18] this condition is called irrotational.
3In [22, 29] this condition is called irrotational.
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Thus by using (3.2),
(curl ∂t)(X,Y ) =
(
curl f2(− grad t)
)
(X,Y )(3.4)
=
X(f2)
f2
g(∂t, Y )−
Y (f2)
f2
g(∂t,X)
− f2(curl grad t︸ ︷︷ ︸
=0
)(X,Y ),
=
X(f2)
f2
g(∂t, Y )−
Y (f2)
f2
g(∂t,X).
Hence,
(curl ∂t)(X,Y ) = 0 for all X,Y orthogonal
vector fields to ∂t on (R× F, g),
(3.5)
i.e., ∂t is orthogonally irrotational. Up to this point, we have not considered
the compactness and the simply connectedness of the Riemannian part.
Notice that letting κ be a Killing vector field on (R × F, g) with (F, gF )
compact, Theorem 2.18 implies that κ = a∂t+K where a is a constant andK
is a Killing vector field on (F, gF ) with K(f) = 0. Hence and recalling that
(curlκ)(X,Y ) = 0 for all X,Y orthogonal vector fields to ∂t on (R × F, g),
the curl on (R× F, g) is linear and (3.5), we obtain that
(3.6) curlK(X,Y ) = 0,
for all X,Y orthogonal vector fields to ∂t on (R× F, g). It is clear that the
lifts of the elements in X(F ) verify the latter condition and as consequence
(3.6).
On the other hand, by the well known relations between the Levi-Civita
connections on (F, gF ) and on the warped product (R × F, −f
2dt2 + gF )
(see for instance [22] p. 206 Proposition 35) and by the definition of the
curl, there results curlF K = 0 (curlF denotes the curl on the Riemannian
manifold (F, gF )), i.e. K is non-rotating on (F, gF ). Furthermore, when
(F, gF ) is simply connected, then K is a gradient (see [7]), i.e. there exists
ψ ∈ C∞(F ) such that gradψ = K.
Since K is a Killing vector field on the Riemannian manifold (F, gF )
and is the gradient of a function ψ ∈ C∞(F ), then Proposition 2.13 (with
f ≡ 1) implies that the Hessian HψF ≡ 0 on F . Besides that if F is a compact
Riemannian manifold without boundary, then by taking the gF−trace of H
ψ
F
and applying the maximum principle one can deduce that ψ is a constant
and consequently, K ≡ 0.
Thus we have established that κ = a∂t, where a is constant. 
Notice that (3.4) implies that ∂t is non-rotating on the standard static
space-time of the form (R × F,−f2dt2 + gF ) if f is a positive constant.
Hence, we can state and prove the following lemma.
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Lemma 3.2. ∂t is non-rotating on the standard static space-time of the
form (R× F, g := −f2dt2 + gF ) if and only if f is a positive constant.
Proof 1. First of all we recall g(∂t, ∂t) = −f
2. Then, by the hypothesis and
the properties that characterized the Levi-Civita connection, for any vector
field Z on (R× F, g := −f2dt2 + gF ) the following holds
0 = curl ∂t(∂t, Z) = g(∇∂t∂t, Z)− g(∇Z∂t, ∂t)︸ ︷︷ ︸
1
2
Zg(∂t,∂t)
= g(∇∂t∂t, Z) +
1
2
Zf2.
(3.7)
So, by the definition of the gradient operator denoted by grad,
(3.8) −∇∂t∂t =
1
2
grad f2.
Now, by applying [22, p. 206 - Proposition 35] or [14, Theorem 3.4] as above,
(3.9) −∇∂t∂t = −∇
(−dt2)
∂t
∂t︸ ︷︷ ︸
0
+f (−dt2)(∂t, ∂t)︸ ︷︷ ︸
−1
grad f = −
1
2
grad f2.
The latter and the expression (3.8) imply grad f2 = 0, more explicitly f is
a positive constant. 
Proof 2. An alternative and simpler proof follows from (3.4). Indeed, an
immediate consequence of the latter is
(3.10) (curl ∂t)(∂t, Z) = Z(f
2),
for any vector field Z on (R × F, g := −f2dt2 + gF ). Thus, if ∂t is non-
rotating, then f is a positive constant. 
Corollary 3.3. Let (F, gF ) be a compact and simply connected Riemann-
ian manifold. If f ∈ C∞>0(M) is nonconstant, then there is no nontrivial
(non-identically zero) non-rotating Killing vector field on the standard static
space-time (R × F, g := −f2dt2 + gF ).
Proof. In order to apply Proposition 3.1, it is sufficient to note that if κ
is a non-rotating Killing vector field on (R × F, g := −f2dt2 + gF ), then
(curlκ)(X,Y ) = 0 for all X,Y orthogonal vector fields to ∂t on (R × F, g).
Thus, curlκ = a curl ∂t = 0. So, by Lemma 3.2, κ = 0 or f is a positive
constant. 
Remark 3.4. Notice that in Proposition 3.1 the involved vector fields nec-
essarily turn out to be causal (i.e., non-space-like). The conclusion would
be wrong if we eliminated the simply connectedness. For example, consider
the vector field a∂t + ∂θ where a < 1 on (R × S
1,−dt2 + dθ2). This is a
non-rotating Killing vector field and yet not time-like due to a < 1, so its
pseudo-norm is −a2 + 1 > 0.
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4. Conclusions
It is very well known that a space-time possesses a symmetry if it admits
a Killing vector fields. Thus existence and characterization problems of
Killing vector fields are extremely important in the geometry of space-times.
Therefore, we considered Killing vector fields of standard static space-times
and roughly proved that if a vector field K on the space-time is Killing, then
K has to be of the form:
K = ψh∂t + φ
bKb,
where {Kb}1≤b≤m is a basis of Killing vector fields on (F, gF ) and h, φ
b ∈
C∞(I) and ψ ∈ C∞(F ) satisfy the system{
h′ψ + φbKb(ln f) = 0,
dφb ⊗ gF (Kb, ·) + gI(h∂t, ·)⊗ f
2dψ = 0.
In Theorem 2.8 we have characterized the solutions of the latter system.
We remarked the centrality of the problem (2.25) or equivalently (2.30) and
(2.34).
As a consequence of Theorem 2.8 and the well known results about the
eigenvalues and eigenfunctions of a positively weighted elliptic problem on a
compact Riemannian manifold without boundary, we also provided a char-
acterization of the Killing vector fields on a standard static space-time with
compact Riemannian part in Theorem 2.18. Note that by combining this
theorem with the vanishing results of Bochner (see Remark 2.14), we obtain
that in a standard static space-time with compact Riemannian part of neg-
ative Ricci curvature without boundary, the unique Killing vector fields are
time-like of the form c∂t where c ∈ R is constant.
Furthermore, in Corollary 3.3 we show that there is no non trivial non-
rotating Killing vector field on a standard static space-time where the so
called natural space is compact and simply connected.
Appendix A.
Suppose that M is a module over a ring and W ⊆ M . If V ∈ M , then
we will use the following notation V + W = {V +W :W ∈ W }.
Let (F, gF ) be a Riemannian manifold of dimension s. Consider the Lie
algebra of Killing vector fields on (F, gF ) denoted by K . Given ϕ,ψ ∈
C∞(F ) we denote
(A.1) K ψϕ = {K ∈ K : K(ϕ) = ψ}.
K 0ϕ is an R−subspace of K (it is also a sub-Lie algebra of K ).
By linear algebra arguments, it is clear that
(A.2) K ψϕ = K̂ + K
0
ϕ ,
where K̂ ∈ K ψϕ is fixed.
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Let us assume the hypothesis of Theorem 2.8 where (ν, ψ) is a solution of
(2.25). Then, by Theorem 2.8 and (A.2), the set of Killing vector fields on
If × F is given by
(A.3) ψh∂t +
∫ t
t0
h(s)dsf2 gradψ + K̂ + K 0ln f ,
where K̂ ∈ K
−h′(t0)ψ
ln f is fixed.
If ν 6= 0, then K̂ may be taken as −
h′(t0)
ν
f2 gradψ. Indeed, this is an
immediate consequence of (f2 gradF ψ)(ln f) = νψ in (2.23).
Notice that the description of the Killing vector fields on standard static
space-times given by (A.3) shows up again in the centrality of the problem
(2.25) (and naturally of the equivalent problems (2.30) and (2.34)) in the
study of this question.
Example A.1. (Killing vector fields in the Minkowski space-time) Let (F, gF )
= (Rs, g0) where g0 is the canonical metric and f ≡ 1 be. Thus, it is easy
to show that the solutions of (2.34) are (ν, ψ) where ν = 0 or ψ ≡ 0.
Furthermore if ν = 0, then ψ(x) = cixi + d where ∀i : 1 ≤ i ≤ s, c
i ∈ R and
d ∈ R. Recall that for ν = 0, h(t) = at+ b where a, b ∈ R.
On the other hand, the condition K̂ ∈ K
−h′(t0)ψ
ln f is now equivalent to
h′(t0)(cixi + d) ≡ 0.
Hence, all the Killing vector fields of the Minkowski space-time are
(cixi + d)(at+ b)∂t +
∫ t
t0
(as+ b)ds ci∂i +K ,
where a, b, ci, d ∈ R satisfy a(c
ixi + d) ≡ 0. Precisely, these are
(cixi + d)∂t + (t− t0) c
i∂i + K
or equivalently (taking t0 = 0)
ci (xi∂t + t∂i)︸ ︷︷ ︸
Lorentz boosts
+d∂t + K ,
where ci, d ∈ R. Thus the dimension of the Lie algebra of the Killing vector
fields of the Minkowski space-time is s+ 1 + s(s+ 1)/2 = (s + 1)(s + 2)/2.
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